Abstract. Smooth compact complex surfaces admitting non-trivial surjective endomorphisms are classified up to isomorphisms. The algebraic case has been classified in [3] , [19] . The following surfaces are listed in the non-algebraic case: a complex torus, a Kodaira surface, a Hopf surface with at least two curves, an Inoue surface with curves, and an Inoue surface without curves satisfying a rationality condition.
Introduction
A non-trivial surjective endomorphism of a compact complex variety X is a nonisomorphic surjective morphism X → X by definition. Projective surfaces X admitting non-trivial surjective endomorphisms are classified in [3] , [19] as follows:
(1) X is a toric surface; (2) X is a P 1 -bundle over an elliptic curve; (3) X is a P 1 -bundle over a non-singular curve C of genus g ≥ 2 such that X × C C P 1 × C for a finiteétale covering C → C; (4) X is an abelian surface or a hyperelliptic surface; (5) X is an elliptic surface with the Kodaira dimension κ(X) = 1 and the topological Euler number e(X) = 0.
The cases above correspond to the following numerical invariants: (1) κ(X) = −∞ and the irregularity q(X) = 0; (2) κ(X) = −∞ and q(X) = 1; (3) κ(X) = −∞ and q(X) ≥ 2; (4) κ(X) = 0; (5) κ(X) = 1. Note that a surface of general type does not admit non-trivial surjective endomorphisms. In this article, we study the case where X is non-algebraic.
The following is our main result:
. The non-algebraic non-singular compact complex surfaces X admitting non-trivial surjective endomorphisms are classified as follows:
(1) X is a complex torus; (2) X is a primary Kodaira The cases above correspond to the following numerical invariants: (1) the first Betti number b 1 (X) is even; (2) b 1 (X) is odd and the algebraic dimension a(X) = 1; (3) a(X) = 0, b 1 (X) = 1, and b 2 (X) = 0; (4) a(X) = 0, b 1 (X) = 1, and b 2 (X) > 0.
In particular, if X is Kähler, then X is a complex torus. The definitions of Kodaira surfaces, Hopf surfaces, Inoue surfaces are given in [10] , [5] , [7] (cf. [1] ). But we discuss the structures and the properties of these non-Kähler surfaces in Sections 2, 6-9 below. The Kodaira surfaces X are characterized by the conditions: b 1 (X) is odd and c 1 (X) = 0 in H 2 (X, Q). A Hopf surface is a compact complex surface whose universal covering space is biholomorphic to The idea of the proof of Theorem 1.1 is as follows: In the first step, we list the possible surfaces X admitting a non-trivial surjective endomorphism. We can show that, for such an X, the set S(X) of curves with negative self-intersection number is finite by the same argument as in [19] . This yields a strong condition on X. For example, it implies that if X is a non-algebraic elliptic surface, equivalently if a(X) = 1, then the singular fibers are multiple of elliptic curves (cf. Proposition 4.1). Furthermore by investigating the variation of Hodge structure, we infer that X is one of the surfaces listed in (2) of Theorem 1.1 (cf. Theorem 4.5). The finiteness of S(X) and some known results on surfaces of class VII 0 imply that if X is a surface of class VII, then its minimal model is one of the known examples (cf. Theorem 5.2). Thus we can make a list of the possible surfaces.
Conversely in the second step, we examine whether a non-trivial surjective endomorphism exists or not individually for the cases of surfaces listed as candidates. It seems to be difficult to determine the existence on Kodaira surfaces, on non-elliptic Hopf surfaces, and on Inoue surfaces without curves, because of their complicated construction from the universal covering space. We consider a lift of an expected endomorphism to the universal covering space and examine whether it really induces a non-trivial endomorphism by elementary and long calculations. In the case of Kodaira surfaces and Inoue surfaces without curves, we can describe the induced endomorphism of the fundamental group explicitly by using triangular matrices in GL(3, C) (cf. Proposition 6.4, Proposition 8.5). Our method is delicate but powerful enough for the investigation. For example, we find a remarkable condition on the parameter t for the existence of endomorphism on the Inoue 
Non-algebraic surfaces
Let X be a non-singular compact complex surface. The algebraic dimension a(X) is the transcendence degree of the meromorphic function field of X over C. Here, a(X) ≤ 1 if and only if X is non-algebraic. If a(X) = 1, then the algebraic reduction π : X → T is holomorphic and is an elliptic fibration. Moreover any curves on X are contained in fibers of π. If a(X) = 0, then there exist at most finitely many irreducible curves on X by Theorem 5.1 of [9, I] . We recall the following useful results:
Lemma 2.1. Suppose that a(X) ≤ 1. Then a line bundle L of X satisfies the following properties:
(2) This is shown by (1) and by the inequalities
for any rational number t. (3) follows from (2) , from the surjectivity of c 1 : Pic(X) → H 2 (X, Z), and from the non-degeneracy of the intersection pairing on H 2 (X, Q).
Notation. Let C be an irreducible curve on a non-singular compact complex surface.
An exceptional curve of the first kind is just a (−1)-curve. If a(X) ≤ 1, then a nonnegative irreducible curve is a 0-curve with p a = 1 and does not intersect other curves.
Remark. A relative minimal model Y of X is, by definition, a non-singular compact complex surface bimeromorphic to X having no (−1)-curves. If X is non-algebraic, then Y is unique up to isomorphisms. This is shown as follows: Suppose that there exist a bimeromorphic morphism µ : X → Y and a (−1)-curve C ⊂ X such that µ(C) is not a point. Then µ(C) is a 0-curve with the arithmetic genus p a (µ(C)) = 1 by Lemma 2.1. Thus µ(C) has a node or a cusp. Let Y → Y be the blowup at the singular point of µ(C). Then the self-intersection number of the proper transform of µ(C) is less than −1. Since µ factors through Y → Y , this is a contradiction. Thus, we call Y the minimal model of X in the non-algebraic case. Similarly, a non-algebraic surface without (−1)-curves is called a minimal surface.
If X is a non-Kähler elliptic surface with κ(X) = 0, then b 1 (X) = 3 or 1. In the case b 1 (X) = 3, the minimal model is the quotient space of C 2 by the action of an affine transformation group and is called a primary Kodaira surface. In the case b 1 (X) = 1, the minimal model has a primary Kodaira surface as a finiteétale covering space and is called a secondary Kodaira surface. Let X be a compact complex surface with a(X) = 0. If b 1 (X) is even, then the minimal model of X is either a complex torus or a K3 surface. If b 1 (X) is odd, then b 1 (X) = 1.
In the classification theory of compact complex surfaces by Kodaira [10] , the class VII is not completely classified. A compact complex surface belongs to the class VII if b 1 (X) = 1. The class VII 0 consists of all the minimal surfaces of class VII. A surface X of class VII has the following invariants:
Moreover the intersection pairing on H 2 (X, Q) is negative definite.
A Hopf surface is a surface whose universal covering space is isomorphic to W := C 2 \ {(0, 0)}, by definition. This is a surface of class VII 0 with b 2 = 0 containing an elliptic curve. The classification of surfaces of class VII 0 after Kodaira [10] was started by the discovery of Inoue surfaces [5] , [6] , [7] . The Inoue surfaces
N,p,q,r contain no curves and have the vanishing second Betti number. The surfaces S M are also found by Bombieri and are called Bombieri-Inoue surfaces. Inoue [5] showed that if a surface S of class VII 0 contains no curves, b 2 (S) = 0, and has a line bundle L with H 0 (S, Ω 1 S ⊗ L) = 0, then S is isomorphic to one of the Inoue surfaces above. The last condition on the existence of L is not required for the characterization. This was shown by [11] , [21] in 1990's. The other Inoue surfaces: Parabolic Inoue surface X λ,n , Hyperbolic Inoue surface X K,N , Half Inoue surface X K,N , are constructed in [7] . These surfaces contain curves and have positive second Betti numbers. A parabolic Inoue surface is related to Hirzebruch's cusp singularities and is called also a Hirzebruch-Inoue surface. Another construction of these Inoue surfaces with curves is given in [20] by the method of torus embedding theory (cf. Section 9).
There are many contributions to the classification of surfaces of class VII 0 by Kato [8] , Enoki [2] , Nakamura [13] , [14] , and others. The following surfaces are listed in the Table  (10. 3) of [13] :
Fact. The surfaces X of class VII 0 with a(X) = 0 are classified as follows:
(1) Hopf surface with a(X) = 0; (2) A parabolic Inoue surface: It is characterized as a surface containing an elliptic curve and a cycle of rational curves; (3) A hyperbolic Inoue surface: It is characterized as a surface containing two cycles of rational curves; (4) An exceptional compactification with no elliptic curves (cf. Here, by a cycle of rational curves, we mean a reduced connected divisor D = C i satisfying one of the following conditions:
(1) D is an irreducible rational curve with exactly one node; (2) Any irreducible component C i is isomorphic to P 1 and intersects with D − C i transversely at two points.
3.
Curves of negative self-intersection number.
The argument of this section is almost parallel to that of Section 2 of [19] , where the algebraic case was discussed.
Proof. If an irreducible curve C is contracted to a point by f, then C 2 < 0. Since
Proof. Assume that f(C) = f(C ) for another irreducible curve C . Then af * C = a f * C for some a, a > 0. Hence c 1 (aC − a C ) = 0 in H 2 (X, Q). In particular, C · C < 0 and
Let f : X → X be a non-trivial surjective endomorphism of degree d > 1. We consider the set S(X) of all the negative curves on X. Then S(X) is preserved by f and the mapping S(X) C → f(C) ∈ S(X) is injective. Let R be the ramification divisor of X and let S 0 (X) be the set of all the negative curves contained in Supp R.
Proof. There exist natural numbers a, b such that f * C = af(C) and f * f(C) = bC. Here
The proof of the following elementary Lemma is left to the reader:
Lemma 3.4. Let S be a set, S 0 a finite subset, and let h : S → S be an injection. If
then S is finite and h k is identical for some k > 0.
By Lemma 3.3 and Lemma 3.4, we have: 
For any connected reduced curve D ≤ N X , we have 
Proof. We may assume that V is a d-dimensional polydisc and C is a hyperplane by considering the local situation. Then V \ C is isomorphic to the product of the punctured disc and a (d−1)-dimensional polydisc. In particular, the finiteétale covering U \τ 
Thus no rational curves with cusps are negative. If a negative curve C 1 intersects another negative C 2 at one point not transversely, then p a (C 1 + C 2 ) = 1. This contradicts the property: noétale covering exists over
This contradicts the same property as above. These observations tell us that a reducible connected component D is a straight chain of rational curves or a cycle of rational curves.
Suppose that X contains a (−1)-curve C. Let X → X 1 be the blowing down of C. Then an endomorphism of X 1 is induced since f −1 C = C. Therefore, an endomorphism is induced on a relative minimal model of X.
The case of elliptic surfaces
Let X be a non-singular compact complex surface admitting a non-trivial surjective endomorphism. Assume that a(X) = 1. Let π : X → T be the algebraic reduction which is an elliptic fibration onto a non-singular projective curve. A non-trivial surjective endomorphism f induces a surjective endomorphism h of T such that h • π = π • f. Proof. The set of all the irreducible component of reducible fibers coincides with S(X). A 0-curve is the support of an irreducible fiber. We may assume that f −1 C = C for negative curves C for the endomorphism f.
Step 1. We may assume that f −1 C = C for any rational curves C.
We have to consider only rational 0-curves C. If C is an irreducible component of f −1 C, then C is not negative and C → C isétale outside Sing C by Lemma 3.6. If C is a rational curve with a cusp, then C C. If C is a rational curve with a node, then C also has a node since f is branched along the normal crossing divisor around the node. The number of rational 0-curves are finite. Hence f −1 C is irreducible and (
Step 2. X admits no curves with cusps.
Suppose that there exist an irreducible curve C with a cusp and set P = π(C). Note that C = π * P is a singular fiber of type II. By the argument of Step 1, we infer that
In particular, π is a minimal elliptic fibration with only irreducible fibers. If
another rational 0-curve, then h * P = dP since f −1 C = C . Considering the ramification formula for h, we infer that T P 1 and there exist at most two rational curves on X.
If C is the unique rational curve, then π is smooth outside P and the local constant system R 1 π * Z X | C\P is trivial. The local monodromy corresponding to a singular fiber of type II is of order 6 in SL(2, Z). This is a contradiction. Hence there is another rational 0-curve C = π −1 (P ). If C has a node, then J (P ) = ∞ for the J -function associated with π. However, π is smooth over T \ {P, P } C \ {0}. Thus the period function is constant, a contradiction. Hence there remains the case in which C has a cusp. Let U and U respectively be open discs with centers P and P . A positive generator of π 1 (U \{P }) Z corresponds to a negative generator of π 1 (U \{P }) by the isomorphisms
Thus the condition that C is of type II implies that C is of type II * , a contradiction.
Step 3. X admits no rational curves Therefore, X has no rational curves.
As a result, π is minimal and a singular fiber is a multiple of an elliptic curve.
The elliptic fibration π : X → T above defines a variation of Hodge structure H of weight 1 on T since the local monodromies around the image of singular fibers are trivial. Here, we have
T by Corollary 4.2.5 of [18] (cf. Theorem 11.7 of [9, III] ). From Leray's exact sequence
we infer that b 1 (X) is odd if and only if H is trivial and
Then L is isomorphic to the graded piece Gr 0 for the Hodge filtration on H ⊗ O T and
, then the Weierstrass model [15] associated with H is isomorphic to the product of an elliptic curve and T , and hence H is trivial.
Lemma 4.2. The induced endomorphism h : T → T is not identical.
Proof. Assume the contrary. Then f is an endomorphism over T . Let Σ be a set of points P ∈ T such that π * P is a multiple fiber. Let m P be the multiplicity of π * P . Then we have a finite ramified covering τ :
Then the normalization of X × T Z is smooth over Z and admits a non-trivial surjective endomorphism. Thus we may assume from the first that π is smooth and g(T ) ≥ 2. By considering theétale cyclic covering given by L ⊗k O T , we may also assume that L O T and hence the variation of Hodge structure H is trivial. Let E be the elliptic curve isomorphic to a fiber of π. We fix a point 0 ∈ E and give a group structure on E whose zero is 0. Let O T (E) be the sheaf of germs of holomorphic mappings from T to E. Then we have an exact sequence
There is an element η ∈ H 1 (T, O T (E)) such that π is obtained as the torsor of E × T over T defined by η. The endomorphism f induces an endomorphism f * : H → H of variation of Hodge structures which corresponds to
where the edge isomorphisms are the Poincaré duals. The endomorphism f * : E → E keeps 0 and is the multiplication by a complex number λ. If we identify E as the quotient of C by the lattice
is an imaginary quadratic field. In the latter case, t = λ + λ and d = |λ| 2 are integers
Thus η is torsion, which implies that π is projective. This contradicts a(X) = 1.
If g(T ) = 1 and if there exists a multiple
etale. Thus h is isomorphic and h k keeps P for some k > 0 since the set of multiple fibers is finite. Hence h kl is identical for some l > 0, since the group of automorphisms of E keeping P is finite. Proof. T is rational by b 1 (T ) ≤ b 1 (X) = 1. The variation of Hodge structure is trivial since e(X) = 0 and π 1 (T ) = {1}. Let Σ = {P 1 , P 2 , . . .} be the set of points P such that π * P is a multiple fiber. Then π
Suppose that κ(X) = 1. Let f be a surjective endomorphism of X and h the induced endomorphism of T with π
Thus h is an automorphism keeping the set Σ which consists at least three points. Hence some power h k is identical and f is isomorphic by In each case, there is a cyclic covering τ : A → T from an elliptic curve such that τ * P i = m i (τ * P i ) red for any i and that τ isétale outside Σ. Moreover, for a suitable choice of group structure of A, a generator of the Galois group of τ is given as the multiplication map z → αz by a primitive root α of unity of order 2, 6, 4, 3 according as (2, 2, 2, 2), (2, 3, 6) , (2, 4, 4) , (3, 3, 3) above. The normalization Y of the fiber product X × T A is smooth over A andétale over X. Hence Y is a primary Kodaira surface and X is secondary.
is one of the followings:
there is a finite Galois covering τ : Γ → T from a non-singular rational curve Γ such that τ * P i = m i (τ * P i ) red for any i and that τ isétale outside Σ. Moreover, τ is isomorphic to the quotient morphism by the standard action of the following finite group G ⊂ Aut(Γ) according to (2, 2, n), (2, 3, 3) , (2, 3, 4) , (2, 3, 5) : the dihedral group D n of order 2n, the tetrahedral group A 4 , the octahedral group S 4 , and the icosahedral group A 5 . The normalization Y of the fiber product X × T Γ is smooth over Γ andétale over X. Hence X is also a Hopf surface since Y is so. Proof. Assume that g(T ) = 1. If H is not trivial, then X is Kähler and p g (X) = 0. This implies that X is projective, a contradiction. Hence H is trivial. Thus ω X O X and 3 ≤ b 1 (X) ≤ 4. If b 1 (X) = 4, then X is a complex torus. If b 1 (X) = 3, then X is a primary Kodaira surface.
Next assume that g(T ) = 0. Then L O T and H is trivial. In particular, p g (X) = 0 and q(X) = 1. Thus X is a surface of class VII 0 . It is a Hopf surface or a secondary Kodaira surface by Lemma 4.4.
Appendix to Section 4
The existence of non-trivial surjective endomorphisms on an algebraic surface X with κ(X) = 1, e(X) = 0 is proved in Proposition 3.3 of [3] by using the ∂-étale cohomology theory developed in [18] . Here, we shall give a more geometric proof.
Let π : X → T be the elliptic fibration obtained as the Iitaka fibration. Let Σ be the set of points P ∈ T such that π * P is a multiple fiber of multiplicity m P ≥ 2. Then
, we have a finite Galois covering Z → T such that the normalization Y of X × T Z is isomorphic to the product C × Z over Z for an elliptic curve C and isétale over X. We consider C as the torus C/L for the lattice L = Zτ + Z with Im τ > 0. We denote by [x] the image of x ∈ C under C → C. Let G be the Galois group. Then the induced action of g ∈ G on Y C × Z is written by
for some a g ∈ C and some holomorphic mapping b g : Z → C. Here, {a g } gives rise to a homomorphism G → C and L is a G-submodule of C. In particular, the complex torus C is a G-module. The set Hom(Z, C) of holomorphic maps ϕ : Z → C also has a right G-module structure by ϕ Hom(Z, C) ). Since the cohomology group is torsion, there exist a positive integer n and a holomorphic mapping c : Z → C such that
commutes with the action of G on C × Z. Thus it induces a non-trivial surjective endomorphism on X.
The case of algebraic dimension zero
Let X be a non-singular compact complex surface of a(X) = 0 admitting a nontrivial surjective endomorphism. Suppose that X is Kähler. Then κ(X) = 0. Thus the endomorphism isétale and hence X admits no negative curves. Hence X is minimal and is a complex torus. A complex torus admits a non-trivial surjective endomorphism as the multiplication map by an integer greater than 1.
Thus we assume that X is non-Kähler. Then X belongs to the class VII. We have [13] . In both cases, µ : X → Y is a successive blowups whose centers are nodes.
Case 2. Suppose that there is a curve C not contained in N X . Then any curve on X is contained in C ∪ N X . The contraction µ : X → Y is isomorphic along C. Since C 2 = 0, then µ * N X is an elliptic curve and C is a rational curve with a node by Lemma (2.11) of [13] . Then µ is isomorphic and X is a parabolic Inoue surface of b 2 = 1 by [2] or by Theorem (7.1) of [13] .
Next suppose that any curve on X is contained in N X . Then f
Y is a half Inoue surface by [13] . If N Y = 0, then µ * N X is a rational curve with a node. This case does not occur by the argument in Case 3 below. Therefore, X is obtained as a successive blowups of a half Inoue surface whose centers are nodes.
By Lemma (2.11) of [13] , one of the following three possibilities remain:
(1) X contains two elliptic curves; (2) X contains an elliptic curve as a unique curve. (3) X contains a rational curve with a node as a unique curve.
For the complement U of the union of all the curves on X, we have e(U) = 0 since f induces a finiteétale endomorphism on U. Hence the case (3) does not occur by e(X \ U) = 0. In the cases (1), (2), X is a Hopf surface by Lemma 8 of [10] .
, X is one of Inoue surfaces without curves by [5] , [11] , [21] .
Kodaira surfaces
A primary Kodaira surface X is defined as a surface with K X ∼ 0, b 1 (X) = 3. The algebraic reduction π : X → T is an elliptic fibration over an elliptic curve T . This is smooth by e(X) = 0 and K X ∼ 0. Moreover the associated variation of Hodge structure
O T . For a fiber E, we fix a point 0 and give an abelian group structure on E with 0 being the identity. Then as in the proof of Lemma 4.2,
is the sheaf of germs of holomorphic mappings from T to E. The image of η under
Let L τ denote the lattice Zτ + Z ⊂ C for τ ∈ H. We fix τ , θ ∈ H and isomorphisms T C/L τ , E C/L θ . For c ∈ L θ and δ ∈ C, let us consider the following automorphisms of C × E: 
Proof. We have an isomorphism H
by HochschildSerre spectral sequence for the universal covering map C → T . Thus the cohomology class η is represented by a cocycle
Here, X is isomorphic to the quotient space of C × E by the following action of u ∈ L τ :
Thus we shall find a simple form of x u (z) up to coboundary. Note that {x u } is determined only by x 1 and x τ which satisfy (6.1)
Hence, for a cocycle {y u (z)} of holomorphic functions on C satisfying y u+v (z) = y v (z) + y u (z + v), there exist constant c 1 , c 2 , and a holomorphic function h(z) such that
Since c 2 (z + 1) − c 2 z = c 2 , we may assume c 2 = 0. Applying the observation above to (d/ dz)x u , we have constant c, δ, and a holomorphic function φ(z) such that
which sends η to c. Hence c = 0.
Definition 6.2.
(1) For three complex numbers
The matrices above form a subgroup of GL(3, C), which is denoted by T 3 (C).
(2) Let D : C 2 × C 2 → C be the skew symmetric form defined by
(3) Let ∆ 3 (C) be the following group structure on (ξ, y) ∈ C 2 × C:
Note that the l-th power (ξ, y) l is equal to (lξ, ly) for l ∈ Z, (ξ, y) ∈ ∆ 3 (C). There is
We have a homomorphism π 1 (X c,δ ) → T 3 (C) by
Therefore the composite π 1 (X c,δ ) → ∆ 3 (C) is written by
Definition 6.3.
(1) For a free abelian group L of finite rank and
In other expressions,
We have homomorphisms Π c → ∆ 3 (C) and π 1 (X c,δ ) → Π c , respectively, by
The image of the injection π 1 (X c,δ ) → Π c consists of all the elements (x, y) such that
In particular, Π c is generated by π 1 (X c,δ ) and (0, c/2). The group Π c acts on C × C by
for (x, y) ∈ Π c .
Proposition 6.4. Let f : X c,δ → X c,δ be a surjective endomorphism and let h : T → T be the induced endomorphism with
is the multiplication by α ∈ C with αL τ ⊂ L τ . Then f is induced from the automorphism
Proof. A lift Φ of f to C × C is written by (z, ζ) → (αz + β, F (z, ζ)) for a holomorphic function F (z, ζ) and for a constant β. Here, F (z, ζ) = ρζ + ϕ(z) for a holomorphic function ϕ(z) and a constant ρ since
and lifts to an endomorphism of Π c . The image of (x, y) ∈ Π c is (αx, y 1 ) for some y 1 ∈ L θ [c/2] in which the following equation holds:
By using Im(αx) = x Im α + α Im x, we have D τ (αx, 1) = xD τ (α, 1) + αD τ (x, 1), and
Hence ϕ (z) is a constant equal to D τ (α, 1)cα and ρ = |α| 
for l ≥ 0. In fact, it follows from that the term v 3 in the formula
is calculated by
Let l be an integer with l > 1 and l 2 ≡ 1 mod k. Then, for w 1 and w 2 defined by
Hence Φ l,0 induces a non-trivial surjective endomorphism on the quotient space Y .
Hopf surfaces
In this section, we shall prove the following:
. A Hopf surface admits a non-trivial surjective endomorphism if and only if it has at least two elliptic curves.
We set W to be the open set C 2 \ {(0, 0)} and (z 1 , z 2 ) to be a coordinate system of C 2 . A Hopf surface is a compact complex surface whose universal covering space is biholomorphic to W by definition. We write the function exp(2π √ −1z) by e(z). First, we treat the case of elliptic Hopf surfaces with at most two singular fibers. Let m 1 , m 2 , n be positive integers such that gcd(m 1 , m 2 ) = gcd(n, m 1 ) = gcd(n, m 2 ) = 1 and let τ be a complex number in H. Let Y = Y (τ, m 1 , m 2 , n) be the quotient space of W by the following two actions: In particular, if Y → P 1 is smooth, then Y Y (τ, 1, 1, n), which is obtained by the actions
for ρ = e(τ ). We write Y (τ, 1, 1, n) by Y (ρ, n) . 
. This lifts to an automorphism of W written by
for a unit function u : C 2 → C and for an integer l. We shall show that u is constant.
Since it induces an automorphism of Y , there is an integer q such that
Then u is constant by Secondly, we treat the case of elliptic Hopf surfaces with at least three multiple fibers. Let G ⊂ PGL(2, C) Aut(P 1 ) be a finite subgroup and let G ⊂ SL(2, C) be the pull-back by SL(2, C) → PGL(2, C). We denote by A(g) the matrix in SL(2, C) corresponding to g ∈ G. We also denote by 1 the unit element of G and by −1 the element corresponding to the minus of the unit matrix. Note that G is a cyclic group or one of the regular polyhedral groups. We choose τ ∈ H such that ρ = e(τ ). Let χ i : G → C be group homomorphisms (characters) for i = 0, 1. Let us choose ψ i (g) ∈ Q satisfying e(ψ i (g)) = χ i (g). We define
An action of G on Y (ρ, m) is well-defined by the maps We assume this equality holds for χ 1 and χ 0 . Then G acts on Y (ρ, m) and the image G m,χ of the homomorphism G m,χ → GL(2, C) given by the action on W is an extension of G by Z ⊕ Z/mZ. We also assume that the action of G on Y (ρ, m) is free. This is equivalent to: 
Hence u(g) = ϕ(g) above for some characters χ 1 and χ 0 . Thus X is isomorphic to the quotient space of W by G m,χ above and the action of G m,χ is free since the action of G on Y is free. z 2 ) ) ∈ W is well-defined and
Lemma 7.5. X(ρ, m, G, χ) admits a non-trivial surjective endomorphism if there exists a G-semi-invariant homogeneous polynomial
for any g. Thus Φ is G m,χ -equivariant by the condition (2). Hence Φ induces a nontrivial surjective endomorphism of X(ρ, m, G, χ) since Φ induces an endomorphism of P Thus we assume G is not cyclic. It is enough to construct H satisfying the condition of Lemma 7.5 in the following cases (2, 2, n), (2, 3, 3) , (2, 3, 4) , (2, 3, 5) .
Case (2, 2, n): G is the dihedral group D n of order 2n ≥ 4. We may assume G is generated by
for n odd and to Z/2Z ⊕ Z/2Z for n even. If n is even, then m is even by (7.1) since
Let us consider the homogeneous polynomial
. This has only simple zeros over P 1 and is G-invariant for n odd and Gsemi-invariant for n even. Note that d−2 is even and moreover d−2 = 2(n−1) ≡ 0 mod 4 for n odd. Thus H satisfies the condition of Lemma 7.5 since χ
Case (2, 3, 3) : G is the tetrahedral group isomorphic to the alternating group A 4 . We may assume that G is generated by Case (2, 3, 4) : G is the octahedral group isomorphic to the symmetric group S 4 . We may assume that G is generated by
In particular, the square of any character is trivial. Here m is even by (7.1) since A 4 = −1. Let us consider the homogeneous polynomial
2 ) of degree d = 6. Then this has only simple zeros over P 1 and is G-semi-invariant. Thus H satisfies the condition of Lemma 7.5 since m and d − 2 are even. Case (2, 3, 5) : G is the icosahedral group isomorphic to the alternating group A 5 . We may assume that G is generated by
where β = e(1/5). Then 1 on both sides of (7.4), we have
for a constant c = 0. Suppose that N = 0. By (7.5) in the case i = N − 1, we have:
By comparing the coefficients of z k−mN +m 2 on both sides of equation (7.6), we derive a contradiction to N = 0. Therefore, N = 0 and G(z 1 , z 2 ) = cz (7.3) is written by
Hence, F (1) := ∂F/∂z 1 satisfies a functional equation
for a constant c 1 by Lemma 7.8. Then
+ H(z 2 ) for a holomorphic function H(z 2 ). By (7.7), we have
and hence H(z 2 ) = δz pm 2 for a constant δ and c 1 = pc m . Thus we obtain: 
Proof. Assume the contrary. Then f * is the multiplication map by an integer d = 1.
We have the isomorphism H 1 (X, C ) H 1 (X, O X ) from the exponential sequence on X. 
Let G M be the group of automorphisms of H × C generated by
The action of G M on H × C is properly discontinuous and free. The surface S M is defined as the quotient surface of H × C by G M . The generators g i satisfy the following relations: Proof. Let Φ be the automorphism of H × C given by (w, z) → (nw, nz) for an integer n >
Thus f is non-trivial.
The Inoue surface S (+)
N,p,q,r;t is defined for a matrix N in SL(2, Z) with n := tr N > 2, integers p, q, r with r = 0, and for a complex number t as follows: Let α be an eigenvalue with α > 1. Let a = 
Here, g 0 is mapped to g 0 g
Proof. For an endomorphism ϕ of Γ r , we attach M = (m ij ) and
Then (1) and (2) follow from simple calculations. For (3), it is enough to show that the endomorphism lifts. This is because Γ r is generated by Γ and an element ((0, 0), r/2) commuting with Γ. (4) follows from the relations (8.2). Let ρ be the endomorphism of (5) and let ϕ be the induced endomorphism of Γ. Then ρ(g 0 ) = g 0 η for some Γ η = g
. Let ι(η) denote the automorphism γ → ηγη −1 for γ ∈ Γ and let ν denote another
Conversely, if the relation (8.6) holds, then ι(η) and ϕ define an endomorphism ρ on G (+) . 
for a matrix M ∈ M 2 (Z) with a positive eigenvalue c, and for integers l 1 , l 2 , and a complex number δ, in which the following conditions are satisfied :
(1) det M = 0, MN = NM, and
Conversely, if M and (l 1 , l 2 ) satisfy the conditions (1), (2) , then the automorphism Φ above induces an endomorphism on X of degree (det M) 2 .
Proof. The space H 0 (X, Θ X ) of global holomorphic vector fields on X is one-dimensional and is generated by the vector field ∂/∂z by Proposition 3 of [5] . Let
be a lift of the endomorphism f for some holomorphic functions Φ i . The lift is an automorphism since f isétale. Note that Φ 1 depends only on w since any holomorphic mapping C → H is constant. Thus Φ 1 = F (w) for a holomorphic function F on H. The formula Φ * (∂/∂z) = ∂Φ 2 /∂z(∂/∂z) implies that Φ 2 = εz + G(w) for a constant ε = 0 and a holomorphic function G on H. 
3 is equivalent to F (αw) = α(F (w) + ζa), and (8.9) (8.10) where ζ = (l 1 , l 2 ) and l := l 3 + (r/2)l 1 l 2 . Then F (w) has two periods a 1 , a 2 by (8.7). Since a 1 /a 2 is irrational, Za 1 + Za 2 ⊂ R is dense, which implies that F (w) is constant. Then G (w) has also periods a 1 , a 2 by (8.8) and hence G (w) is constant. Moreover G (w) = 0 by (8.10). We can write Hence the conditions (1) and (2) Thus if k is divisible by n − 2, then v ∈ Z 2 .
Proof. For an integer k > 1, let h k be the following endomorphism of T N :
Then h k extends to an endomorphism of T N (Σ) and g
Thus h k induces a non-trivial surjective endomorphism on X λ,n .
A hyperbolic Inoue surface X K,N and a half Inoue surface X K,N are defined as follows for a real quadratic field K and for a free abelian subgroup N ⊂ K of rank two generating K over Q: Let K ⊗ Q R → R 2 be the isomorphism given by ξ → (ξ, ξ ) for ξ ∈ K and for the conjugate ξ over Q. 1 (P 1 ) = P 1 for any node P 1 of the union of all the curves of Y 1 . Therefore, if X → Y is a succession of blowups whose centers are nodes of curves, then a non-trivial surjective endomorphism on X is induced from f.
